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Abstract
We define the new notion of R/Z-differential K-characters and study some properties. In particular, we show that the spectral
eta invariant is an R/Z-secondary invariant in this theory.
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Introduction
The transgression construction of Chern–Simons allows to reach secondary characteristic classes and invariants of
some geometric structures [8]. These numbers are useful in the study of foliations, of flat bundles or in the study of
conformal embeddings, see for instance [4,7]. While the secondary differential forms that appear in Chern–Simons
theory live over the principal fiber bundle under study, one can construct the so-called differential characters over
the manifold itself so that the secondary differential forms become pull-backs of these characters. This is now a
fundamental classical construction due originally to J. Cheeger and J. Simons [7] and it proved fruitful in many areas
of mathematics and in quantum field theory also [17].
The goal of the present paper is to use K-theory techniques in order to construct a similar group of differential K-
characters which codifies secondary index invariants. The method that we have adopted relies on the Baum–Douglas
picture of K-homology [6] and we get a well defined group Kˆ∗(X) of R/Z-valued differential K-characters.
The eta invariant yields a particularly important example of such R/Z-differential K-characters. Recall that this is
also a differential character in the classical theory of Cheeger–Simons but extended to R/Q. This is also true for the
differential characters which are associated with the Chern character [7]. On the other hand, the Chern classes furnish
R/Z-differential characters but they do not agree with K-theory and only yield R/Q-differential K-characters.
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In the present approach, we use cycles which are integral in K-theory and this explains why secondary index invariants
(see [9,15]) fit more naturally in the theory of differential K-characters.
Following [7], to any differential K-character we associate a closed differential form which is integral on Baum–
Douglas K-cycles [6] on the one hand, and a topological cohomology class which is an integral class in K-theory on
the other hand. Exacts sequences similar to those proved in [7] exist and we have given here a first one.
The results of the present paper have extensions and applications to a Chern–Simons transgression construction in
K-theory and to foliations. These developments are not included in this paper and will be studied independently. In
particular, we have found a close relation with the transgression construction in the work on foliated flat bundles of
Douglas, Hurder and Kaminker [9].
This paper is divided into two sections. In the first section, we review some classical constructions in topological
K-theory and K-homology. In particular, we define a topological cohomology theory K∗BD(X), dualizing the Baum–
Douglas theory and show that the Atiyah–Patodi–Singer index morphism furnishes a cocycle in this theory [2]. In the
second section, we define the group Kˆ∗(X) of differential K-characters and study its properties. We show for instance
that it fits in a short exact sequence similar to the one obtained in [7]
0 → K∗(X,R/Z) ↪→ Kˆ∗(X) → Ω∗+10 (X) → 0,
where Ω∗+10 (X) denotes the closed differential forms with integer K-periods. We also show in the second section that
the eta invariant associated with any Hermitian vector bundle is an R/Z-differential K-character.
1. Preliminaries on K-theories
1.1. Review of K-theory with R/Z-coefficients
We review in this subsection the definitions and properties of the K-theory K∗(X,R/Z). Our main reference is
[3], see also the more recent and very interesting paper [15].
Let X be a separable topological space and let fn :S1 → S1 be the map fn(z) := zn. We denote, as it is customary,
by Mn the mapping-cone of the map fn (also called the Moore space of index n). Mod n K-theory is then defined as
the group, that we denote by K(X,Z/nZ)
K(X,Z/nZ) := K(X ×Mn,X × {∗}).
The group K(X,Z/nZ) can also be constructed from triples (E,F,α) where E and F are vector bundles over
X × S1 and
α : (idX × fn)∗E → (idX × fn)∗F,
is an isomorphism [3].
Now to define the group K(X,Q/Z) of Q/Z K-theory, we proceed by inductive limits. More precisely, K(X,Q/Z)
is by definition the inductive limit of the groups K(X,Z/nZ) with respect to n. Note that we have commutative
diagrams
S1
fn
id
S1
fm
S1
fnm
S1.
Replacing X by its suspension, we define in the same way the odd Q/Z K-theory. To do so we only need to define
mod n K-theory, but K−1(X,Z/nZ) can be constructed from triples (E,F,α) where E and F are vector bundles over
X × S2 and where α is now an isomorphism between (idX × Sfn)∗E and (idX × Sfn)∗F . Here Sfn is the suspension
of fn, a map from S2 to S2.
There is a more convenient way to define K−1(X,Z/nZ), see [3, Proposition 5.5] and also the summary given
in [15]. More precisely, each triple (E,F,α) where E and F are vector bundles over X and α is an isomorphism
between nE and nF , yields naturally an element of K−1(X,Z/nZ).
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coefficient exact sequence
K∗(X) ×n K∗(X)
K∗(X,Z/nZ).
∂
In order to define R/Z K-theory where secondary index classes may live [15], we use the following construction.
Define as usual the groups K(X,Q) and K(X,R) by
K∗(X,Q) := K∗(X)⊗Z Q and K∗(X,R) = K∗(X)⊗Z R.
There is a well defined projection
p :K∗(X,Q) → K∗(X,Q/Z),
and we denote by j∗ :K∗(X,Q) → K∗(X,R) the map induced by the inclusion of coefficients j :Q → R. The group
K∗(X,R/Z) of R/Z K-theory of X is then simply the cokernel of the map
(p,−j∗) :K∗(X,Q) → K(X,Q/Z)⊕K(X,R).
1.2. The Baum–Douglas picture of K-theory
In this subsection, we review the basic definitions and properties of topological K-homology and also define a
corresponding Baum–Douglas (BD) K-theory which will be needed in the sequel. We assume as known the classical
properties of spinc vector bundles, for which good references are [6,14]. For the rest of this section, we fix a CW
complex X. A K-cycle over X is a triple (M,E,φ) such that:
• M is a smooth compact spinc manifold without boundary with fixed Riemannian structure and fixed spinc-
structure defined by a line bundle L;
• E is a Hermitian vector bundle over M ;
• φ :M → X is a continuous map.
The fibres of E may have different dimensions on different connected components of M . An isomorphism between
two K-cycles (M,E,φ) and (M ′,E′, φ′) is a diffeomorphism ψ :M → M ′ such that:
• The spinc-structure of M is the pull-back under ψ of the spinc structure of M ′, in the sense of [6];
• φ′ ◦ψ = φ;
• ψ∗E′ ∼= E as Hermitian vector bundles over M .
The disjoint union of K-cycles yields a structure of an Abelian semi-group on the isomorphism classes of K-cycles.
In [6], Baum and Douglas defined appropriate equivalence relations on the set of K-cycles which enable to derive a
topological K-homology theory. Let us review some constructions.
Recall first that there exists a natural Hermitian line bundle B over the sphere S2 such that the Fredholm index of the
Dolbeault operator with coefficients in B is exactly 1. This vector bundle is obtained out of the cocycle over S1 which
corresponds to multiplication by the base variable z ∈ S1, by using the clutching construction [12]. Indeed, for any
n 1, a similar construction gives rise to a Hermitian vector bundle B over Sn, called the Bott bundle. More precisely,
Clifford multiplication extends multiplication by z to higher dimensions and by using the clutching construction one
gets again a vector bundle over Sn called the Bott bundle, see the seminal paper [1]. When viewed in Rn the Dirac
operator with coefficients in B can also be reinterpreted as the sharp product of the operator on R by itself n times [5].
Therefore, the kernel of this operator is one-dimensional while the cokernel is trivial, see [5].
Let now (M,E,φ) be a K-cycle over X and let π :H → M be an even dimensional spinc vector bundle over M .
Let us denote by SH = S+ ⊕S− the Z2-graded spinc vector bundle associated with the spinc structure of H . We defineH H
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vector bundle of SH to the total space of H . Since Mˆ consists of two copies of the ball bundle of H glued together
by the identity map of the sphere bundle S(H) of H , the clutching of S+H and S−H using Clifford multiplication over
S(H) yields a new vector bundle Hˆ over Mˆ . The bundle ρ : Mˆ → M is an even sphere bundle over M . So, when M
is even-dimensional (resp. odd-dimensional), Mˆ is even-dimensional (resp. odd-dimensional).
In summary, given an even (resp. odd) K-cycle (M,E,φ) over X together with a spinc vector bundle H → M , we
have constructed a triple (Mˆ, Hˆ ⊗ ρ∗E,φ ◦ ρ), which is a new even (resp. odd) K-cycle over X, as can be checked
easily. The K-cycle (Mˆ, Hˆ ⊗ ρ∗E,φ ◦ ρ) will be called the Bott K-cycle associated with (M,E,φ) and H .
Definition 1. Let X be a smooth closed manifold. We denote by C∗(X) the quotient of the set of K-cycles for the
equivalence relation induced by the following identifications:
• (M,E ⊕E′, φ) ∼ (M,E,φ)
 (M,E′, φ);
• (M,E,φ) ∼ (Mˆ, Hˆ ⊗ ρ∗E,φ ◦ ρ) for any even spinc vector bundle H over M .
The above identifications agree with the disjoint union of K-cycles, and C∗(X) is therefore an Abelian semi-group.
This semi-group splits into C0(X)⊕ C1(X), according to the parity of the K-cycle, i.e. of the involved manifold.
We similarly consider K-chains instead of K-cycles, i.e. triples (M,E,φ) where the manifolds M are possibly with
boundary. The identifications used in Definition 1 still make sense for K-chains and the quotient Abelian semi-group
for disjoint union will be denoted by L∗(X). The boundary of a K-chain (N,E,ψ) is the K-cycle ∂(N,E,ψ) :=
(∂N,E |∂N ,ψ ◦ i), where i : ∂N ↪→ N is the inclusion of the boundary.
Remark 1. By a spinc manifold with boundary N we implicitly assume that we have fixed a trivialization of the
normal bundle ν. So the boundary ∂N is endowed with the spinc structure inherited from that of N by using the exact
sequence of vector bundles over ∂N
0 → T (∂N) ↪→ TN |∂N → ν → 0,
and ν is endowed with the spinc structure given by the prescribed trivialization [6].
The boundary of a Bott K-chain associated with a spinc vector bundle H and a K-chain (N,E,ψ) coincides with
the Bott K-cycle associated with the restriction of H to ∂N and the boundary K-cycle ∂(N,E,ψ). Therefore, we
have a well defined boundary semi-group morphism
∂ :L∗(X) → B∗(X) ⊂ C∗(X),
where B∗(X) is the subsemi-group of C∗(X) defined in the same way but out of boundaries. In summary, we have an
exact sequence of Z2-graded Abelian semi-groups
0 → C∗(X) ↪→L∗(X) ∂−→ B∗(X) → 0.
According to [6], we define an equivalence relation ∼∂ on C∗(X) by setting
(M,E,φ) ∼∂ (M ′,E′, φ′) ⇐⇒ ∃(N,E,Φ) ∈ C∗(X) such that
∂(N,E,Φ) is isomorphic to (M,E,φ)
 (−M ′,E′, φ′),
where −M ′ denotes the manifold M ′ endowed with the reversed spinc structure, see [6, p. 136]. The quotient set
C∗(X)/ ∼∂ is actually an Abelian group.
Definition 2. [6] The quotient group C∗(X)/ ∼∂ will be denoted by K∗(X) and called the (topological) K-homology
group of the CW complex X. It splits into
K∗(X) = K0(X)⊕K1(X),
with respect to parity.
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Remark 2. The analytic K-homology groups Ka∗ (X) have been defined by G. Kasparov [13]. The isomorphism
between the analytic and topological definitions is furnished by the Chern character construction and was studied
in [6] (at least for finite CW-complexes).
We define L∗(X) as the group of semi-group homomorphisms from L∗(X) to Z. The coboundary map is defined
by
δ(f )(N,E,ψ) = f (∂N, i∗E,ψ ◦ i), where i : ∂N ↪→ N.
The set of K-cocycles is the subset C∗(X) of L∗(X) of K-cochains that vanish on boundaries, i.e. the kernel of δ. The
set of K-coboundaries B∗(X) is the image of δ in L∗(X).
Definition 3. The quotient group C∗(X)/B∗(X) is denoted by K∗BD(X) and called the Baum–Douglas K-theory group.
It splits into
K∗BD(X) = K0BD(X)⊕K1BD(X),
according to parity.
If Λ is any subring of R, then we define in the same way K∗BD(X,Λ) by considering semi-group homomorphisms
from L∗(X) to Λ. So K∗BD(X,Z) = K∗BD(X).
1.3. The APS-index morphism
The most important example of a K-cocycle is furnished by the Atiyah–Patodi–Singer index morphism. Let us
briefly review its construction and show how it fits into the present framework.
The existence of a spinc-structure on M is equivalent to the existence of an integral lift of the second Stiefel–
Whitney class w2(TM) ∈ H 2(M,Z/2Z). We denote by c1(M) ∈ H 2(M,Z) the integral lift that defines the spinc
structure of TM . Note that when M is a complex manifold with its natural spinc structure (the one given by the
Dolbeault representation), c1(M) coincides with the usual first Chern class of the tangent bundle TM of M . Denote
by Aˆ(M) the Aˆ-polynomial in the Pontryagin classes of M defined by using the multiplicative sequence associated
with the series [11]
x/2
sinh(x/2)
.
We denote by Td(M) the spinc Todd class of the tangent bundle TM of M , i.e.
Td(M) := ec1(M)/2Aˆ(M).
For complex manifolds, this definition agrees with that of the usual Todd class of the tangent bundle TM . We also
denote by Ch(E) the Chern character (an even differential form) of E defined using the connection associated with
the Hermitian structure.
Let N be a spinc compact smooth manifold with boundary ∂N = M . We denote by n + 1 = 2p the dimension
of N , so dim(M) = n and we assume that n is odd. Let E be a Hermitian vector bundle over N with a fixed unitary
connection. Suppose that the metric and connexion are constant in the normal direction near the boundary and denote
by DE the closure of the Dirac operator acting on spinors with coefficients in E with respect to the global Szegö
boundary condition considered in [2]. The operator DE is odd for the Z2-grading
S ⊗E = S+ ⊗E ⊕ S− ⊗E,
and we shall denote by D+E the operator DE acting from S+ ⊗E to S− ⊗E. Near the boundary, we have
DE  σ
(
∂ +AE
)
,∂t
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a discrete subset of R. The eta function of AE is then defined by
η(s,AE) =
∑
j =0
λj |λj |−(s+1), Re(s)  0.
From the classical spectral estimates, the above series is known to be absolutely convergent in the half-plane Re(s) > n.
Furthermore, it can be extended to a meromorphic function on the complex plane with simple poles [2–4]. We de-
note equally by s → η(s,AE) this extension. An important result due to Atiyah, Patodi and Singer [2] states that the
residue of the function s → η(s,AE) at zero is trivial. The number η(0,AE) is thus well defined. The eta (spectral)
invariant of the operator AE is then by definition
η(AE) = η(0,AE).
The eta invariant is a measure of the spectral asymmetry of AE . The Atiyah–Patodi–Singer index theorem relates the
Fredholm index of D+E with topological and spectral invariants. More precisely, we have
Ind(D+E) =
∫
N
Ch(E)Td(N)− h(AE)+ η(AE)
2
,
where h(AE) is the dimension of the nullspace of AE .
We denote by IndEAPS the map which assigns to any even K-chain (N,E, φ) over X the Fredholm index
Ind(D+
φ∗E⊗E ) defined in [2] using global boundary conditions. So, the index theorem can be rewritten as
IndEAPS(N,E, φ) =
∫
N
φ∗ Ch(E)Ch(E)Td(N)− h(Aφ∗E⊗E )+ η(Aφ∗E⊗E )
2
.
Lemma 1. For any Hermitian vector bundle E over X, the map IndEAPS induces an even K-cocycle over X:
IndEAPS ∈ Ceven(X).
Proof. The Dirac operator with coefficients in a direct sum of Hermitian vector bundles is the direct sum of the
corresponding Dirac operators. On the other hand, we obviously have
IndEAPS
(
(N,E,ψ)
 (N ′,E ′,ψ ′))= IndEAPS(N,E,ψ)+ IndEAPS(N ′,E ′,ψ ′).
Therefore IndEAPS agrees with the first identification in Definition 1.
Let now (M,E, φ) be an even K-chain and let H → M be an even spinc vector bundle of dimension 2p. We
consider again the smooth manifold (with boundary) Mˆ which has been defined above and which is an S2p-fibration
over M ,
ρ : Mˆ → M.
The boundary of Mˆ is ∂Mˆ = ρ−1(∂M). If SM = S+M ⊕ S−M and SS2p = S+S2p ⊕ S−S2p are the spinc vector bundles
associated with the spinc structures of the tangent vector bundles TM and T S2p respectively, then the spinc vector
bundle S
Mˆ
associated with the tangent vector bundle T Mˆ is isomorphic to the tensor product vector bundle S˜M ⊗ S˜S2p ,
where S˜M and S˜S2p are corresponding “lifts” to Mˆ . Let B be the Bott bundle over S2p recalled in the beginning of this
section. We denote by DS2p,B the self-adjoint Dirac operator on S2p with coefficients in B , so the index of the positive
part D+
S2p,B
of DS2p,B is equal to 1. According to [5], we get out of DS2p,B a differential operator D˜S2p,B on Mˆ acting
on smooth sections of the vector bundle S
Mˆ
⊗ Hˆ ⊗ ρ∗F , where F := φ∗E ⊗ E . In the same way and following the
same reference [5], we get out of the Dirac operator on M twisted by F , DM,F , a differential operator D˜M,F over Mˆ
acting on smooth sections of S
Mˆ
⊗ Hˆ ⊗ ρ∗F .
The sharp product of D˜S2p,B and D˜M,F yields an elliptic differential D˜M,F  D˜S2p,B acting on sections of SMˆ ⊗
Hˆ ⊗ ρ∗F . This operator can be identified with the Dirac operator on Mˆ twisted by the vector bundle Hˆ ⊗ ρ∗F , as a
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D
Mˆ,Hˆ⊗ρ∗F = D˜M,F D˜S2p,B .
Denote now by AF the Dirac operator on the boundary ∂M of M with coefficients in the restriction of F and denote
by A˜F the corresponding lift to Mˆ . The computation of the Dirac operator Aρ∗F⊗Hˆ on the boundary ∂Mˆ of Mˆ gives(see also [4])
A
ρ∗F⊗Hˆ =
(
A˜F D˜
−
S2p,B
D˜+
S2p,B
−A˜F
)
.
But the kernel of D+
S2p,B
is one-dimensional while its cokernel is trivial, therefore the spectrum of A
ρ∗F⊗Hˆ coincides
with the spectrum of AF and the eigenspace of Aρ∗F⊗Hˆ associated with any λ ∈ R is composed of pull-backs of
the eigenvectors of AF associated with λ. Therefore, the kernel of the extension of D+
Mˆ,Hˆ⊗ρ∗F according to the
Atiyah–Patodi–Singer boundary condition on Mˆ coincides with the kernel of the extension of D+M,F according to the
Atiyah–Patodi–Singer boundary conditions on M . Since the same relation holds for the adjoint, we deduce that
IndEAPS(M,E, φ) = IndEAPS(Mˆ, Hˆ ⊗ ρ∗E, φ ◦ ρ).
Hence IndEAPS induces a well defined map from Leven(X) to Z.
If now (M,E, φ) is an even K-cycle which is the boundary of an odd K-chain, then IndEAPS(M,E, φ) coincides
with the Atiyah–Singer index of the Dirac operator on M with coefficients in E ⊗φ∗E. So if we consider the K-cycle
(M,E ⊗ φ∗E,φ), then this K-cycle is also a boundary. Therefore, the Atiyah–Singer index theorem implies that the
index of the triple (M,E ⊗ φ∗E,φ) is trivial. 
The above lemma enables to define a map ν :K(X) → K0BD(X) where K(X) is the usual K-theory group.
Lemma 2. The map E → [IndEAPS] induces a well defined group homomorphism from the usual K-theory group to the
Baum–Douglas K-theory group
ν :K(X) → K0BD(X).
The same statement is true in the odd case.
Proof. Two isomorphic vector bundles E and E′ over X yield conjugate Dirac operators and conjugate Hilbert spaces
for the APS boundary conditions. Therefore the APS index map IndEAPS coincides with the APS index map Ind
E′
APS.
On the other hand, it is easy to see that
IndE⊕E
′
APS = IndEAPS + IndE
′
APS .
Therefore, E → IndEAPS actually induces a semi-group morphism
ν :K(X) → C0(X),
which induces the claimed group morphism ν :K(X) → K0BD(X). 
We denote by α the natural map
α :K0BD(X) → Hom
(
K0(X),Z
)
,
and by IndAS the usual Atiyah map
IndAS :K(X) → Hom
(
K0(X),Z
)
.
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natural and the following diagram commutes for any CW-complex X
K(X)
ν
IndAS
K0BD(X,Z)
α
Hom(K0(X),Z) Hom(K0(X),Z).
Proof. If f :X → Y is a smooth map between smooth compact manifolds (for simplicity), then we set for any ϕ ∈
L0(Y ) and any (M,E, φ) ∈ L0(X)
f ∗ϕ(M,E, φ) := ϕ(M,E, f ◦ φ).
It is easy to check that f ∗ϕ is a well defined group morphism from L0(X) to Z and that the map ϕ → f ∗ϕ is additive.
Furthermore, we obviously have
f ∗ ◦ δ = δ ◦ f ∗.
Therefore f induces a group morphism f ∗ :K0BD(Y ) → K0BD(X). That the usual K-theory is a contravariant functor
is trivial.
If E is a Hermitian vector bundle over Y , then for any (M,E, φ) ∈ L0(X), we can write
(f ∗ ◦ νY )(E)(M,E, φ) = IndEAPS(M,E, f ◦ φ).
But we have from the definition of the APS index morphism
IndEAPS(M,E, f ◦ φ) = Indf
∗E
APS (M,E, φ).
Hence the APS transformation ν is natural. 
Corollary 1. The map α is surjective. Moreover, the inverse image ν−1(Kerα) is isomorphic to Ext(K−1(X),Z).
Proof. Recall that the map IndAS enters in the following universal coefficient (split) exact sequence [18]
0 → Ext(K−1(X),Z)→ K(X) IndAS−→ Hom(K0(X),Z)→ 0.
Therefore the proof is complete by using the commutative diagram in Proposition 1. 
To end this paragraph, we point out that we have similar constructions in the odd case. More precisely, let (M,E,φ)
be an odd K-chain over X and denote by DM,E and D∂M,E the corresponding twisted Dirac operators on M and ∂M .
The manifold ∂M is then an even spinc manifold which bounds, therefore the kernel of D∂M,E contains a Lagrangian
subspace L for the symplectic structure defined by Clifford multiplication. So, denoting by ∂
∂x
the inward vector field
and by c the Clifford representation, we have
c
(
∂
∂x
)
L = L⊥ ∩ Ker(D∂M,E).
We denote by PE+ the spectral projection of the self-adjoint operator
D∂M,E :L
2(∂M, [S(M)⊗E]∣∣
∂M
)→ L2(∂M, [S(M)⊗E]∣∣
∂M
)
,
corresponding to the positive eigenvalues, and we set
PE+ (g,L) := Mg◦φ ◦ PE+ ◦Mg−1◦φ + PL,
where PL is the orthogonal projection onto L and Mψ is pointwise multiplication by ψ . In the above definitions, we
have used the extensions of operators to sections of S ⊗E ⊗CN . We denote by DM,E(g,L) the self-adjoint operator
DM,E acting on L2-sections ξ satisfying PE+ (g,L)ξ = 0 on the boundary. The spectral projection corresponding to
the nonnegative eigenvalues of DM,E(g,L) is denoted by PM,E(g,L).
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T
g◦φ
M,E := PM,E(g,L) ◦Mg◦φ ◦ PM,E(id,L) : Im
(
PM,E(id,L)
)−→ Im(PM,E(g,L)).
It is easy to see that the operator T g
−1◦φ
M,E is a parametrix for the operator T
g◦φ
M,E , which is thus a Fredholm operator.
We set IndgAPS(M,E,φ) := Ind(T g◦φM,E) and one can prove similarly that the map IndgAPS is a Baum–Douglas odd
K-cocycle.
2. Differential characters in K-theory
From now on we assume that X is a smooth manifold. The graded differential complex of real differential forms
on the manifold X will be denoted by
Ω∗(X) =
⊕
k0
Ωk(X), Ωk(X)
d−→ Ωk+1(X) with d2 = 0,
where d denotes the de Rham differential on X. We also denote by C∗(X) the (integral) singular cubical chains over
X and by C∗(X) the dual cochains [10]. The boundaries are denoted by
∂ :Ck(X) → Ck−1(X) and δ :Ck(X) → Ck+1(X),
and they satisfy ∂2 = 0 and δ2 = 0. The closed cochains and chains will be respectively denoted by Z∗(X) and Z∗(X)
while B∗(X) and B∗(X) will denote respectively the coboundaries and the boundaries. When Λ is a subring of R,
Λ-valued cochains will be denoted by C∗(X,Λ), hence C∗(X,Z) =: C∗(X). In the same way C∗(X,Λ) will denote
C∗(X)⊗Z Λ and is called the space of Λ-chains on X. By de Rham’s theorem, the natural morphism
i :Ω∗(X) → C∗(X,R) given by 〈i(ω), c〉 := ∫
c
ω,
induces a linear isomorphism between homologies of the corresponding complexes.
2.1. The Chern character
Recall that we have the cap and cup products
 :Ck(X,A)⊗Cl(X,A) → Ck+l (X,A) and unionsq :Ck(X,A)⊗Cl(X,A) → Ck+l (X,A).
We also recall that, if (ω,ω′) ∈ Ω∗(X), then i(ω∧ω′)− i(ω)unionsq i(ω′) is an exact real cochain and the cubical complex
gives an explicit representative E(ω,ω′) satisfying
δ
(
E(ω,ω′)
)= i(ω ∧ω′)− i(ω) unionsq i(ω′).
If ϕ ∈ Ck(N,R) for a manifold with boundary N , then we define the Poincaré dual PD(ϕ) of ϕ as the element of
Cn−k(N,R) defined, for α ∈ Cn−k(N,R), by〈
PD(ϕ),α
〉 := 〈ϕ unionsq α,N 〉,
where n = dim(N) and * stands for the dual real vector space. Recall that we have a linear isomorphism Cn−k(N,R) ∼=
Cn−k(N,R)∗. The manifold N is viewed here as a cubical Z-chain. Even if ϕ is a cocycle on N , the Poincaré dual
needs not ‘ be a cycle.
Definition 4. Given a K-chain (N,E,ψ) over X, we define the Chern character Ch(N,E,ψ) of (N,E,ψ) as the real
chain on X given by
Ch(N,E,ψ) := [φ∗ ◦ PD]
(
Td(N)Ch(E)
) ∈ C∗(X,R),
where φ∗ :C∗(N,R) → C∗(X,R) is the map induced by φ on cubical chains.
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Ch :L∗(X) → C∗(X,R).
The image under Ch of the subgroup C∗(X) is contained in Z∗(X,R).
Proof. Let (N,E,ψ) be a K-chain over X and let H be a Hermitian vector bundle over N . The Whitney sum E ⊕H
is then a Hermitian vector bundle when endowed with the direct sum structure and with respect to this structure we
have
Ch(E ⊕H) = Ch(E)+ Ch(H),
as real differential forms. Thus Ch(N,E ⊕H,ψ) = Ch(N,E,ψ)+ Ch(N,H,ψ) in C∗(X,R). The sum in C∗(X,R)
being given by disjoint union we deduce that the Chern character agrees with the first equivalence relation in Defini-
tion 1.
On the other hand, let ρ : Nˆ → N be the even sphere bundle constructed out of an even dimensional spinc vector
bundle H over N and recalled in Section 1.3. Let us compute the Chern character Ch(Nˆ, Hˆ ⊗ ρ∗(E),ψ ◦ ρ) of the
Bott modification (Nˆ, Hˆ ⊗ ρ∗(E),ψ ◦ ρ) of (N,E,ψ). Denote by PD
Nˆ
and PDN the respective Poincaré morphisms
and by ρ! integration of differential forms along the fibres of ρ
ρ! :Ω∗(Nˆ) → Ω∗−2p(N),
where 2p = dim(Nˆ)− dim(N) is the dimension of the fibres of ρ. We first observe that
ρ∗ ◦ PDNˆ = PDN ◦ρ!.
Therefore,
(ρ∗ ◦ PDNˆ )
(
Ch(Hˆ ) unionsq ρ∗(Ch(E)) unionsq Td(Nˆ))= PDN (Ch(E) unionsq ρ!(Ch(Hˆ )Td(Nˆ))).
But ρ!(Ch(Hˆ )Td(Nˆ)) coincides with the Todd class of N . More precisely, we can work locally and assume that the
fibration ρ : Nˆ → N is trivial so that Td(Nˆ) = ρ∗ Td(N)π∗ Td(S2p) as differential forms. Here π is the projection
N × S2p → S2p . Thus
ρ!
(
Ch(Hˆ )Td(Nˆ)
)= Td(N) ∫
S2p
Ch(Hˆ |S2p )Td
(
S2p
)
.
But the Atiyah–Singer index theorem in S2p shows that
∫
S2p Ch(Hˆ |S2p )Td(S2p) is equal to the index of the Dirac
operator on S2p with coefficients in the Bott bundle B , therefore it is equal to 1. 
Proposition 3. The following diagram is commutative
L∗(X) ∂
Ch
C∗(X)
Ch
C∗(X,Q) ∂ Z∗(X,Q).
Proof. Let (N,E,ψ) be a K-chain over X and let i : ∂N ↪→ N be the inclusion of the boundary. We have
Td(∂N) = i∗(Td(N)).
Thus we need to compute (ψ ◦ i∗ ◦ PD∂N )(i∗(Ch(E)Td(N))). But ω = Ch(E)Td(N) is closed, so
PD∂N
(
i∗(ω)
)= ∂(PDN(ω)).
On the other hand, we have
(ψ ◦ i)∗ ◦ ∂ = ∂ ◦ψ∗,
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(ψ ◦ i)∗ ◦ PD∂N
)(
i∗
(
Ch(E)Td(N)))= ∂(Ch(N,E,ψ)),
which completes the proof. 
2.2. Differential characters in K-theory
We keep the notations of the previous paragraph and we define j :Ω∗(X) → Hom(L∗(X),R) by〈
j (ω), (N,E,ψ)〉 := 〈i(ω),Ch(N,E,ψ)〉.
Definition 5. Let ω ∈ Ω∗(X) be a real differential form.
(i) The set of K-periods of ω is the subset j (ω)(C∗(X)) of R.
(ii) The set of closed differential forms with integer K-periods will be denoted by Ω∗0 (X).
Then Ω∗0 (X) is an Abelian group for the sum of differential forms.
Examples. (1) Any exact differential form obviously belongs to Ω∗0 (X).
(2) Let E be a Hermitian vector bundle over X and let (M,E,φ) be an even K-cycle. The Atiyah–Singer index
theorem applied to the positive part of the spinc Dirac operator on M with coefficients in E ⊗ φ∗(E) gives
IndEAS(M,E,φ) =
∫
M
φ∗ Ch(E)Ch(E)Td(M).
Therefore, the differential form Ch(E) has integral K-periods and belongs to Ωeven0 (X).
(3) Let u :X → GLN(C) ⊂ GL∞(C) be a smooth map. Let Ch be a differential form representing the Chern
character in H ∗(GLN(C),Q) and recall that Ch(u) is then a closed differential form on X which represents the Chern
character of u ∈ K1(X) and is the pull-back u∗ Ch. It is also a consequence of the Atiyah–Singer index theorem that
the differential form Ch(u) is an element of Ωodd0 (X). More precisely, let (M,E,φ) be an odd K-cycle over X and
let P be the Szegö projection associated with the Dirac operator DE on M that we have twisted by E
P :L2(M,S ⊗E) →H2(M,S ⊗E),
where S is the spinc vector bundle associated with the spinc structure of TM and H2(M,S ⊗ E) is the eigenspace
of DE associated with the nonnegative eigenvalues. We define the Toeplitz operator Tu :H 2(M,S ⊗ E ⊗ CN) →
H 2(M,S ⊗E ⊗ CN) by
Tu := (P ⊗ 1N) ◦Mu ◦ (P ⊗ 1N),
where Mu is the fiberwise multiplication by u. Then Tu is an elliptic pseudodifferential operator on M and its index
is computed by the Atiyah–Singer formula:
Ind(Tu) =
〈
j
(
Ch(u)
)
, (M,E,φ)
〉
.
Remark 3. The Chern character induces a rational isomorphism [6]. Therefore and using the de Rham theorem,
a closed differential form ω on X of which all K-periods are trivial, is necessarily exact.
Lemma 3. A differential form ω ∈ Ω∗0 (X) which is integral on all K-chains is necessarily trivial. Stated differently
ω → j (ω) is injective.
Here j (ω) means j (ω) mod Z.
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Replacing if necessary ω by −ω we can assume that H ∩ N∗ = ∅. Denote by n0 the minimum of H ∩ N∗. Let
(N,E,ψ) be a K-chain over X which realizes the minimum n0. The volume form vol(N) induced on the interior of
N by its orientation enables to write (also using that ω is closed)
n0 =
〈
j (ω), (N,E,ψ)〉= ∫
Int(N)
f (x) dμ(x),
where μ is the positive measure induced by vol(N) and f is a smooth map. Now there exists x ∈ Int(N) such that
f (y) > 0 for y in a small closed disk
D(x, r) ⊂ Int(N)
around x and with radius r > 0. The manifold with boundary, D(x, r), has a spinc structure induced from that of
Int(N). For any r ′  r , the triple (D(x, r ′),E |D(x,r ′),ψ |D(x,r ′)) is thus obviously a K-chain over X and we have∫
D(x,r ′)
φ∗ωCh(E)Td
(
D(x, r ′)
)
 n0.
Now since f is regular, this yields a contradiction. 
We are now in a position to define the differential K-characters.
Definition 6. (i) A differential K-character is a homomorphism
f :C∗(X) → R/Z
such that δ(f ) := f ◦ ∂ ∈ j (Ω∗0 (X)). We have denoted again by x¯ the class of a real number x mod Z.
(ii) The set of differential K-characters is denoted by Kˆ∗(X,Z) or Kˆ∗(X) for short. It is naturally Z2-graded
Kˆ∗(X,Z) = Kˆ0(X,Z)⊕ Kˆ1(X,Z).
We shall need the explicit universal coefficient theorem that we now recall.
Lemma 4. Denote by Fj (X) and Tj (X) respectively the free and torsion subgroups of Kj(X), and by Fj (X) and
T j (X) respectively the free and torsion subgroups of Kj(X). Then the following isomorphisms hold
Fj (X)  Fj (X) and T j−1(X)  Tj (X), j = 0,1.
The first isomorphism is given by the Atiyah–Singer index morphism together with the identification
Hom(Fj (X),Z)  Fj (X)
and the second one corresponds to the inclusion
Tj−1(X)  Ext
(
Tj−1(X),Z
) Ext(Kj−1(X),Z) ↪→ Kj(X)
induced by the universal coefficient theorem [18].
Proof. The groups K∗(X) and K∗(X) are finitely generated Abelian groups. Therefore we can split these groups into
the free and torsion parts as announced in the lemma.
Using a universal coefficient theorem for K-theory, we have an exact sequence
0 → Ext(K∗−1(X),Z) ↪→ K∗(X) → Hom(K∗(X),Z)→ 0,
where the surjection is exactly given by the index pairing, see [18] for details. But we have
Hom
(
K∗(X),Z
) Hom(F∗(X),Z) F∗(X).
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Ext
(
K∗−1(X),Z
) Ext(F∗−1(X),Z)⊕ Ext(T∗−1(X),Z)
 Ext(T∗−1(X),Z) T∗−1(X),
as can be deduced easily from definitions, see [16]. 
By using again the universal coefficient theorem proved in [18], one gets the following proposition:
Proposition 4. There is a well defined index map
K∗(X,R/Z) → Hom(K∗(X),R/Z),
which is an isomorphism.
Proof. One applies the UCT theorem together with the fact that R/Z is divisible. See also [15]. 
Lemma 3 shows that the differential form ω in Definition 6 is uniquely defined. It will be denoted by δ1(f ). We
thus have a group morphism
δ1 : Kˆ
∗(X,Z) → Ω∗0 (X),
which is odd with respect to gradings.
Let now χ ∈ Kˆ∗(X) be fixed. Let C∗,0(X) be the free group associated with C∗(X) and L∗,0(X) be the corre-
sponding free group of L∗(X). Using the projection C∗,0(X) → C∗(X) and the fact that R is a divisible and therefore
injective Z-module, we can find a group morphism f ∈ Hom(L∗,0(X),R) such that
f |C∗,0(X) = χ.
We set for any K-chain (M,E,φ) over X〈
uf , (M,E,φ)
〉 := 〈j(δ1(χ)), (M,E,φ)〉− 〈f, ∂(M,E,φ)〉.
In other words
uf := j
(
δ1(χ)
)− δ(f ) ∈ Hom(L∗,0(X),R).
Lemma 5. The homomorphism uf induces a K-cochain uf ∈ L∗(X). Moreover, uf is a K-cocycle whose class in
K∗BD(X) does not depend on the chosen extended lift f of the differential K-character χ .
Proof. Since χ agrees with the equivalence relations of Definition 1, it remains to show that j (ω) does for any
ω ∈ Ω∗0 (X). But this was already proved in Lemma 3. Hence uf induces a well defined homomorphism on L∗(X).
On the other hand, viewed as an R/Z-valued morphism and from the definition of differential K-characters, we deduce
that uf is actually trivial. Therefore uf ∈L∗(X) as claimed.
On the other hand, we have
uf ◦ ∂ = j
(
dδ1(χ)
)− f ◦ ∂ ◦ ∂ = 0.
Therefore, uf is actually a K-cocycle.
Assume that g is another extended lift of χ . The homomorphism f − g then takes integral values on C∗,0(X).
Therefore there exists α ∈ Hom(B∗,0(X),R/Z) such that f¯ − g¯ = α ◦ ∂ . Here B∗,0(X) is the free group associated
with B∗(X). Since B∗,0(X) is free, we deduce the existence of a lift β ∈ Hom(B∗,0(X),R) of α. Finally we have an
integer valued K-cochain h := f − g − β ◦ ∂ , and so
f − g = h+ β ◦ ∂ with h ∈ L∗,0(X) and β ∈L∗,0(X,R).
Thus we finally get
uf = ug − h ◦ ∂,
and this finishes the proof. 
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Thus we have finally constructed a map
δ2 : Kˆ
∗(X) → K∗BD(X),
which is odd for the Z2-gradings.
Examples. (1) Any class in K∗(X,R/Z) induces a differential K-character with trivial δ1 and trivial δ2. The map
K∗(X,R/Z) → Kˆ∗(X,Z) thus obtained is in addition injective.
(2) If ω ∈ Ω∗(X) is any real differential form, then we define fω := j (ω) as before by setting for all (M,E,φ) ∈
C∗(X)
fω(M,E,φ) :=
∫
M
φ∗(ω)Ch(E)Td(M).
The class of fω mod Z will be denoted by f¯ω and is an additive map from C∗(X) to R/Z. It is clear that f¯ω is a
differential K-character, and that we have
δ1(f¯ω) = dω and δ2(f¯ω) = 0.
The kernel of ω → f¯ω is clearly Ω∗0 (X).
(3) Let (E,∇) be any complex vector bundle with a Hermitian connection ∇ . We define η(E,∇) by setting
η(E,∇)(M,E,φ) := h(DE⊗φ
∗E )+ η(DE⊗φ∗E )
2
for all (M,E,φ) ∈ C1(X),
where DE⊗φ∗E is the self-adjoint (for the fixed Hermitian structures) spinc Dirac operator on ∂M twisted by the
restriction of the Hermitian vector bundle E ⊗ φ∗E to ∂M . Here h(DE⊗φ∗E ) is the dimension of the kernel of the
self-adjoint operator DE⊗φ∗E and η(DE ⊗ φ∗(E)) is the eta invariant of DE⊗φ∗E . It will be proved in Proposition 5
below that η(E,∇) is actually an odd differential K-character.
Other examples are constructed using flat bundles as in [4], but they will be studied for their own sake in a forth-
coming paper. We point out that Kˆ is a contravariant functor from the category of smooth compact manifolds and
smooth maps to that of Abelian groups and group homomorphisms. In addition, δ1 and δ2 are functor morphisms as
can be checked easily.
Proposition 5. The additive map η(E,∇) defined in Example (3) above is an odd differential K-character such that
δ1(η(E,∇)) = Ch(E,∇) and δ2(η(E,∇)) = IndEAPS .
Proof. That η(E,∇) agrees with the first identification is clear from the definitions. Note that we have
η(E,∇)
(
(M,E,φ)
 (M ′,E′, φ′))= η(E,∇)(M,E,φ)+ η(E,∇)(M ′,E′, φ′),
since the self adjoint operator to be considered for the disjoint union is simply
DE⊗φ∗(E) ⊕DE′⊗φ∗(E ′).
Let now (M,E,φ) be a K-cycle over X and let H a Hermitian vector bundle over X. As we have already observed,
the Dirac operator on Mˆ with coefficients in Hˆ ⊗ ρ∗(E) is exactly a sharp product of the self-adjoint Dirac operator
on M with coefficients in E by the positive part of the Dirac operator on the fibres S2p with coefficients in the Bott
bundle B , see [5]. Recall that this sharp product is given with obvious notations by
P =
(
D˜E
( ˜D+
S2p
⊗B)∗
˜D+
S2p
⊗B −D˜E
)
.
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η(s,P ) = IndAS(D+S2p ⊗B)η(s,DE) = η(s,DE).
See [4]. The kernel of the self adjoint operator P is given by
Ker(P ) = Ker(D˜E)∩ (Ker
(
( ˜D+
S2p
⊗B)∗)⊕ Ker( ˜D+
S2p
⊗B).
Hence we deduce that Ker(P ) ∼= Ker(A). Therefore, η(E,∇) also agrees with the Bott identification and induces a
group homomorphism
η(E,∇) :C1(X) → R/Z.
Let now (M,E,φ) be a K-chain. Applying the Atiyah–Patodi–Singer index theorem to the Dirac operator on M
with coefficients in E ⊗ φ∗(E) we obtain
IndAPS(D+E⊗φ∗E ) =
∫
M
φ∗ Ch(E,∇)Ch(E)Td(M)− (1/2)(h+ η(D|∂M ⊗E ⊗ φ∗(E))).
Here h is the dimension of the null space of D|∂M ⊗E ⊗ φ∗E . Hence we have the following equality in R/Z
η(E,∇)(∂M,E∂M,φ|∂M) =
∫
M
φ∗
(
Ch(E,∇))Ch(E)Td(M).
This shows that δ1(η(E,∇)) = Ch(E,∇). Note that this last differential form has integral K-periods as we have already
noticed and thanks to the Atiyah–Singer index theorem.
Now let f be any extended lift of η(E,∇) as above. Then δ2(η(E,∇)) is represented by the a cocycle uf satisfying
for any (M,E,φ) ∈ L1,0(X)〈
uf , (M,E,φ)
〉 := ∫
M
φ∗ Ch(E)Ch(M,E)− 〈f, ∂(M,E,φ)〉.
But we have a well defined morphism from C1(X) to R which is a lift for
η(E,∇) ∈ Hom
(C1(X),R/Z)
and which is given by
g(M,E,φ) = h(DE⊗φ∗E )+ η(DE⊗φ∗E )
2
.
Since R is divisible, we again can extend g and obtain a morphism f from L1(X) to R which is an extended lift of
η(E,∇). Note that the lift here makes sense as a homomorphism on the quotient group L1(X) and not only on L1,0(X).
The independence of the class of uf of the choice of f shows that δ2(η(E,∇)) = [IndEAPS] in K0BD(X). 
It is clear from the definitions that, if we view j (δ1(χ)) as an element of K∗BD(X,R), then the image of δ2(f ) under
the natural map
r :K∗BD(X) → K∗BD(X,R)
coincides with j (δ1(χ)). Therefore the couple (δ1, δ2) is odd with respect to gradings and actually lands in the sub-
group of Ω∗0 (X)×K∗BD(X) composed of couples (ω,u) such that ω ∈ r(u).
Theorem 1. We have the following short exact sequence
0 → K∗(X,R/Z) ↪→ Kˆ∗(X) δ1−→Ω∗+10 (X) → 0.
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trivial δ1. In the same way it is a trivial fact that if δ1(f ) = 0, then f induces a well defined homomorphism from
K-theory to R/Z. Hence the first sequence is exact at Kˆ(X,Z). It remains to show that δ1 is surjective.
Fix ω ∈ Ω∗0 (X). Then using the notations fixed in the examples above
f¯ω ∈ Hom
(L∗(X),R/Z)
is trivial on C∗(X). Therefore, we define an element χ in Hom(B∗(X),R/Z) by setting
χ ◦ ∂ = f¯ω.
Since R/Z is a divisible Z-module, we deduce that there exists an extension of χ , still denoted by χ , which is a
homomorphism from C∗(X) to R/Z. 
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